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Fig. 3 Variation of OASPL with helical tip Mach number at /=25
(disk plane) at four radial locations.

Table 2 Comparison of predicted SPL levels with
experimental data from Dittmar et al.6'7

Helical tip Position 2a Postion 5b

Mach number
0.863
1.00
1.07
1.14
1.21

Experiment
129.4
140.7
141.8
138.7
139.4

Prediction
130
138.5
141
144
145

Experiment
133.8
141.2
143.9
143.2
143.5

Prediction
136.4
141.9
143.9
148.1
149.8

and the SPL of the kth harmonic of the blade passing fre-
quency is expressed as

(4)

Results and Discussion
The analysis procedure outlined above was applied to the

eight cases shown in Table 1 for four points in the near field
as indicated in Fig. 1. It may be noted that all of the points
are located in the high-resolution area of the computational
grid system, since the relatively coarse grid outside of this
region yielded highly unreliable results in terms of OASPL.
Likewise, the OASPL results at points located far from the
propeller blade were not acceptable due to the relatively large
influence of the numerical damping and boundary
conditions.

Applying this method to the radial location of 1.82/?tip for
a helical tip Mach number of 1.21, the calculated acoustic
pressure-time history and spectral content is shown in Fig. 2.
As noted, the acoustic time history is well behaved and the
spectral content shows the proper decrease as the harmonic
number increases. The OASPL, as calculated by this
method, is shown in Fig. 3 as a function of helical tip Mach
number and radial location at a fixed axial position in the
propeller disk plane. As noted in Table 2, the theoretical
predicted OASPL values compare well with the experimental
noise quantities of Dittmar et al.6'7 up to a helical tip Mach
number of 1.07 at two microphone locations in the acoustic
field of the propeller disk plane. It is postulated that very
close to the propeller blade tip (A> 14, r=1.08/?tip), the
OASPL values first show a linear increase with helical tip
Mach number, followed by a constant OASPL value. The in-
fluence of the shock wave system in the vicinity of the blade
tip (#=16, 18; r=1.81, 3.95Rtip) then becomes more pro-

nounced, resulting in a sharp increase of the OASPL at a
helical tip Mach number of approximately 1.1. As the point
of calculation moves farther away from the blade tip, the in-
fluence of the shock wave system decreases where at
r = 5.51Rt[p (#=19), the OASPL curve shows the typical
linear dependence on helical tip Mach number followed by a
constant OASPL value.

Conclusions
The acoustic calculation method in this Note has been

shown to be useful in the determination of acoustic near-
field sound pressure level and frequency spectra for a range
of operating conditions of the SR-3 propfan, yielding values
that are comparable to experiment. Several areas have been
suggested in which further study is needed and are currently
under investigation. These include the effect of numerical
damping, dependence of the acoustic values on the computa-
tional grid, and determination of the far-field acoustic
characteristics.
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Constraints of the Structural
Modal Synthesis
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Structural Modal Synthesis

THE modal synthesis method has been a most active
topic in structural dynamics since publication of Hurty's

original paper.1 In this method, a complex structure is
treated as an assemblage of components, and modes of the
structure are approximated by synthesizing component
modes. To ensure that the components will act as a single
structure, the geometric compatibility and/or force
equilibrium conditions are imposed on the component inter-
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faces. The importance of component modes selected for effi-
ciency of the synthesis method is obvious and has been
thoroughly studied.1"8 Along this line, various procedures us-
ing fixed,1 free,2'3 and hybrid4'5 interfacial modes, among
others,6 were proposed. The effects of mode truncation and
error compensations were also investigated.7'8 Based on the
Rayleigh-Ritz approach, modal synthesis leads to8

= AT\

subject to
Ax =

(1)

(2)

where X is a vector containing unknown Lagrange multi-
pliers, and M and K are mass and stiffness matrices of the
structural system formulated by assembling component mass
and stiffness matrices while leaving all components uncoupled.
Thus, generalized coordinates, x, are not all independent;
dependence of the coordinates is given in Eq. (2) which
states compatibility and/or equilibrium conditions. Let A be
a matrix of mxn, m<n, where m is the number of con-
strained equations and n the number of generalized coor-
dinates. When there are redundancies in the constrained
equations, r (the rank of A) is less than m. Equations (1)
and (2) constitute a constrained linear system.

Constrained System and Orthogonal Complement
The zero-eigenvalues theorem (Walton and Steeves9) is

quite popular in dealing with constrained problems.8'10

Equations (1) and (2) can be coupled by introducing to the
system an orthogonal complement of A, which is composed
of independent eigenvectors associated with the zero eigen-
values of ATA. For a complex structure, n may be large,
even major model reduction performed in the component
level. Thus, solving eigenproblems of an n xn matrix ATA is
very inefficient, if not intractable.

The following concepts are reviewed before introducing a
simple, powerful technique for constrained systems. The null
space of A, N(A), is the set containing all vectors y such
that Ay = 0. A basis for N(A) has independent vectors which
span the null space and, therefore, is an orthogonal comple-
ment of A. Apparently, the basis of N(A) is not unique.

For any matrix A, there exists a pair of orthogonal
matrices (P,Q) such that11'12

PAQ (U V\
V o o / (3)

in which U is a nonsingular upper triangular matrix of rank
r, and P and Q are of the order m and n, respectively. This
partitioned form can be obtained by using a Gauss elimina-
tion procedure or Householder transformation.12 From the
last equation

(4)

and a basis for N(A)

B = ( (5)

where the identity matrix In_r is of the order n — r. The in-
verse of an upper triangular U is easily solved. Therefore,
systematic construction of an orthogonal complement of A
(whose rank may be less than its row dimension) is
straightforward by using the Gauss elimination or
Householder transformation, since the permutation matrix Q
is retrievable from well-developed subroutine packages. It is
acknowledged that a similar formation of B in Eq. (5) ap-
peared in Walton and Steeves' paper,9 but was restricted to
the case of A being full rank, i.e., r-m. Note that if the or-

thogonal matrix P is replaced by an elementary row opera-
tion matrix, then U=Ir and the matrix inversion in Eq. (5) is
waived. However, the total computational expenses for these
two options are essentially the same.

Formulation of Coupled System Equation
Let x = Bs. The transformation reduces the number of

generalized coordinates from n to n — r. Premultiplying Eq.
(1) by BT and noting that AB = 0 results in the coupled
system equation

(6)
where

M*=BTMB, K*=BTKB

Modes of the structure are obtained from Eq. (6) and the
transformation x = Bs.

Discussion
A stated advantage of using the zero-eigenvalues theorem

is the relief of rank determination. However, considering
numerical errors introduced specifically in large eigen-
problems, a criterion (tolerance) is always needed to judge
the number of zero-eigenvalues of ATA. This task is no
easier than setting a tolerance to determine the rank of A,
especially when n is much larger than r. The present ap-
proach invokes rank determination, as shown in Eq. (3). Ac-
counting for numerical errors, the lower right submatrix in
the partitioned form of Eq. (3) is no longer null (in contrast
with the exact computation in the equation), but a matrix W
with elements of small values. In this case, the rank is deter-
mined from the value of each element (or a matrix norm)
compared to a specified tolerance. In practical situations,
many strategies12 are used satisfactorily for this purpose. For
procedures based on a Gauss elimination method (with the
matrix scaled), it is convenient to use complete or partial
pivoting13 with linear dependence checks. For the House-
holder transformation based procedures,6 use of pivoting
and comparison of the greatest norm in the columns of W is
usually sufficient. In the successive elimination (Gauss) or
transformation (Householder) processes, if the value of each
element of W suddenly drops to the same order as the
significant number of digits of the computer, then W should
be treated as a null matrix. On the other hand, a gradual
decrease in the values of elements of W may indicate that the
matrix A is ill-posed. Under this extreme condition, applying
the suggested strategies (and zero-eigenvalues theorem) may
not accurately determine the rank, and subjective judgment
is required. More discussion of related computation and ap-
plication details are presented in Refs. 12 and 14.

The basis of N(A) given in Eq. (5) (and any other or-
thogonal complement) is not a unique set. Nevertheless, this
does not affect the unique solution of x, as B is no more
than a transformation between two sets of coordinates.

Extension of the present approach to the formulation of
modal synthesis of a damped structural system is straightfor-
ward. It is also expected that this procedure can be applied
to dynamics of large constrained multibody systems
(spacecrafts, robots, and biomechanical systems, etc.) where
automated numerical formulations and computational effi-
ciency in real-time environments are concerns.
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nonclassical in-plane displacement distribution

(2)

The strain-displacement relations are

du du dv dv

£*,=-

dx ' xy dy dx 9 y dy

du dw _ dv dw
: = 0,

*xz~ dz ' dx9 '**•

and the stress-strain relations are

dz dy (3)

(4)

where

X=-
E(l-r) and u,=-

which correspond to e z=0 and

\-v

. However, if one
assumes ez and az = 0, as in the case of the classical thin-plate
theory, the corresponding values will be \=E/(\-v2) and

L = V. In either case,

Toward a Consistent Plate Theory

A. V. Krishna Murty*
Indian Institute of Science, Bangalore, India

I N Ref. 1 a beam theory has been given, avoiding some of
the traditional contradictions normally tolerated in the

elementary- and Timoshenko-type shear deformation beam
theories. In this theory a cubic variation of the direct stress
and parabolic variation shear stress across the depth of the
beam have been considered. Numerical results pertaining to a
tip-loaded cantilevered beam indicate that the theory of Ref. 1
is capable of giving stress distributions corresponding to
Timoshenko-type shear deformation theory in regions where
transverse shear effect is significant, and elementary-theory-
type stress distributions in regions where transverse shear ef-
fect is insignificant, with smooth transition patterns in be-
tween. In this Note, the corresponding theory for flexure of
plates is presented.

Figure 1 shows a typical plate subjected to a dynamic load
f(x,y,t). Following Ref. 1, the displacement field is chosen in
the form

w(x,y) = wb (x,y) + ws (x,y)

u(x,y,z) = -zwb>x-p(z)<t>(x,y)

where wb is the partial deflection due to bending and w5 the
partial deflection due to shear. <j> and \l/ represent the
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where G is the shear modulus, E Young's modulus, and v
Poisson's ratio.

Utilizing Hamilton's principle, the equations of motion
may be obtained as

+ PC( 4>tX + ph [ wb + w5 ] =f(x,y, t)

=f(x,y,t)

+ gcws>y-gd<t>] - =0

=0 (5)

where the over dot indicates derivation with time and the tx
or ,y subscript indicates derivation with respect to the
variable indicated and

a2 _&_
V ~~dxr + !iy2'

I=h3/\2, C = = 2/z/3, d = (6)

x,u

Fig. 1 Typical plate.


